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ASYMPTOTIC PROPERTIES OF Co-SEMIGROUPS UNDER 

PERTURBATIONS 


MARTIN ADLER 

Abstract. For a given Co -semigroup (T(t)) t > o we consider Staffans-Weiss perturbations 
(B,C) of its generator as studied in [L] and investigate the robustness of asymptotic 
properties of the perturbed Co-semigroup (TBc{t))t> o- As a concrete application we 
study the asymptotic behavior of a neutral semigroup. 


1. Introduction 

In 1953, R. Phillips [20] started the investigation of qualitative properties of Co-semigroups 
which are preserved under bounded perturbations of their generators and showed that 
immediate norm continuity is one of them. Since then, many such invariant properties 
(or counterexamples) for bounded and unbounded perturbations have been found, see 
[10, 14, 17, 21, 24, 23], 

In this paper we concentrate on asymptotic properties and therefore consider subspaces 
£ C C u b(M + , X) of functions / £ £ having a certain characteristic asymptotic property. We 
start with a bounded Co-semigroup (T(t))t> o having orbits in £ and call £ a robust subspace 
for some perturbation if the orbits of the perturbed semigroup remain in £. Moreover, the 
asymptotic property is said to be robust under this perturbation. 

Such robust asymptotic properties have been investigated for Miyadera- Voigt (see V. 
Casarino and S. Piazzera [8]) and Desch-Schappacher perturbations (see L. Maniar [16]). 
We refer to [6, 5, 7, 15] for further publications treating similar questions. 

In this note we extend such results to the class of Staffans-Weiss perturbations. This class 
was introduced by George Weiss [28, Thms. 6.1, 7.2] and Olof Staffans [22, Sects. 7.1, 7.4] 
in the context of regular linear systems. We use the operator-theoretic approach given in 
[!]• 


2. Staffans-Weiss Perturbation Theory 

We recall the Staffans-Weiss perturbation theorem as stated in [1, Theorem 3.1]. To this 
aim, let (A,D(A)) be the generator of a Co-semigroup (T(f)) t >o on the Banach space X. 
Consider an additional Banach space U and operators B £ £(U, W 4 ,), C £ £(Z, U), where 
X_ x is the extrapolation space with respect to A (see [11, III. Section 5]) and Z is a Banach 
space such that X^ Z X. Under compatibility and admissibility assumptions on 
the pair (B, C ) it is shown that A B c {A~\ + BC)\ X with domain 

D(A B c ) := {x £ Z : A_iX + BCx £ X} 

generates a Co-semigroup (T B c(t)) t >o on X (see [1, Thm. 3.1]). Let us make this more 
precise. 

Whis work was completed during a research stay at the University of Memphis. I wish to express my 
gratitute to Prof. Jerome Goldstein for his hospitality. 
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Definition 2.1. Under the above assumptions, the triple (A,B,C) is called compatible if 
for some A G p(A) we have 

range(i?(A, A_f)Bi) C Z. 

Definition 2.2. Let the triple ( A , B , C ) be compatible and take 1 < p < oo. 

(i) The operator B G L{U,Xff) is p-admissible if there exists t > 0 such that for all 
u G L p ( 0, t\ U ) 

T_i(t — s)Bu(s) ds G X. 

In this case we define for each t > 0 the control map ¥> t G £(L P (0, t; U), X) corre¬ 
sponding to A and B as in [1, Rem. 2.2], 

(ii) The operator C G £(Z, U) is p-admissible if there exists Me > 0 and t > 0 such that 

||CT(s)x||[) ds < M c ||x||* 

for all x G D(A). In this case we define for each t > 0 the observation map Q t G 
L(X, L p (0,t] U)) corresponding to A and C as in [1, Rem. 2.4], 

(iii) The pair ( B,C ) G L(U,X_i) x L(Z,U) is p-admissible if there exists Mbc > 0 and 
t > 0 such that 

[ C [ T^(r - s)Bu(s) ds 
Jo Jo 

holds for all u G VUq’ p ( 0, t; U) := {/ G W 2 ’ p (0,t] U) : /(0) = /'(0) = 0}. In this case 
we define for each t > 0 the input-output map fR G £(L p (0,t; U)) corresponding to 
A, B and C as in [1, Rem. 2.7]. 

Remark 2.3. If the Co-semigroup (T(t))t> o is uniformly exponentially stable, it suffices to 
require admissibility for one t > 0 only to obtain time independent constants Mb, Me and 
M B c, see [25, Rem. 2.6], [26, Rem. 2.4], [27, Prop. 2.1]. 

We now recall the class of perturbations considered in [ 1] . 

Definition 2.4. Let {A, D(A)) be the generator of a Co-semigroup (T(t))t>o on a Banach 
space X, B G L(U,Xj;J) and C G L(Z,U) for some Banach space Z satisfying Xf '-A 
Z X. We call the pair (B, C) a Staffans- Weiss perturbation of A if for some 1 < p < oo 
the following conditions are satisfied: 

(i) The triple {A, B, C ) is compatible. 

(ii) The operator B is p-admissible. 

(iii) The operator C is p-admissible. 

(iv) The pair (B, C ) is p-admissible. 

(v) The operator / — is invertible for some t > 0. 

For such perturbations the following result holds (see [22, 28] or [1]). 

Theorem 2.5. Let (A,D(A)) be the generator of a Co-semigroup 7 = (T(t))t >o on a 
Banach space X. Assume that (B,C) is a Staffans-Weiss perturbation of A. Then 

(1) Abc ■■= (71-1 + BC)\x, D{Abc) .= {xeZ: A_ lX + BCx G X) 


p 

dr < M B c |I m 








ROBUSTNESS OF ASYMPTOTIC PROPERTIES 


3 


generates a Co-semigroup 7 bc 
(2) T BC (t)x = T(t)x + 


(T B c(t )) t >o on the Banach space X satisfying 


T_i(t — s)BCTbc{s)xAs for x G D{A BC ). 


o 


3. Robustness of asymptotic properties 


We now turn to the investigation of robustness of asymptotic properties of Co-semigroups 
under Staffans-Weiss perturbations. To do so, we consider the orbits 7x := [t ha T(t)x] 
and 7bcx for all x G X. For a bounded Co-semigroup (T(t))t> o the orbits 7x belong to 
C U &(M+, A"), the space of all bounded, uniformly continuous functions from R + to X. We 
now look for subspaces £ C C„ft(R + , X) appropriate for our purpose. 

Definition 3.1. Let £ C C u b(R + ,X) be a closed subspace. We call £ an asymptotic 
subspace if for all t > 0 and / G C u b(R + , X) 

(3) S(t)f G £ =► / G £, 

where (S(t)) t > o denotes the left translation semigroup on C U &(M + , X). 

Remark 3.2. The authors of [4, 8] call subspaces satisfying (3) translation- (bi)invariant. 


We present a list of bounded Co-semigroups whose orbits lead to asymptotic subspaces, 
see [4, Sect. 7] and [8]. 

(i) (T(t)) t >o is bounded , i.e., there exists a constant M > 1 such that ||T(t)|| < M for all 
t > 0. " 

(ii) (T(t))t> o is compact, i.e., for all x G X the orbits 7x are relatively compact in X. 

(iii) (T(t))t> o is weakly compact, i.e., for all x G X the orbits 7x are relatively weakly 
compact in X. 

(iv) (T(t))t> o is uniformly compact, i.e., {T(- + t)x : t G R + } C C&(R+,X) is relatively 
compact for all x G A, where T(- + t)x := [s ha T(s + t)x] G C u b( R+, A). 

(v) (T(t))t> o is uniformly weakly compact, i.e., {T(- + t)x : t G R+} weakly relatively 
compact in C&(R+,X) for all x G A. 

(vi) (T(t)) t >o is strongly stable, i.e., ||T(t)a;|| -A 0 as t A oo for all x G X. 

(vii) (T(t)) t > 0 is weakly stable, i.e., \(4>,T(t)x)\ — * 0 as t — » oo for all x G A and (j) G X'. 
(viii) (T(t))t> o is mean ergodic, i.e., for every x G A the Cesaro limit 


lim - 

t—yoo t 


T{s)x ds 


exists in X. 

(ix) (T(t))t>o is uniformly ergodic, i.e., for every x G X the Cesaro limit 


lim - 

£—>■00 t 


T(- + s)xds 


exists in C„b(R + , A). 

We now express our problem in abstract form. Let £ C C u f,(R + ,X) be an asymptotic 
subspace and let 7 = (T(t)) t > 0 be a bounded C 0 -semigroup such that all orbits 7x belong 
to £. Under what conditions on the Staffans-Weiss perturbation ( B,C ) do the orbits of 
the perturbed Co-semigroup 7 B c = {T B c(t))t> o remain in £? If this is the case, then we 
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call £ a robust subspace for ( B , C). 


In order to find appropriate perturbing operators, we strengthen the requirements on the 
Staffans-Weiss perturbation ( B,C ). 


Definition 3.3. Let ( A, D(A)) be the generator of a Co-semigroup (T(£)) t > 0 on a Banach 
space X. We call a Staffans-Weiss perturbation ( B , C) (p as in Definition 2.4) an infinite¬ 
time Staffans- Weiss perturbation of A if 

(i) B is infinite-time p-admissible , that is, there exists Mb > 0 such that for all t > 0 
and u G L p (0, t; C) we have 


and 



s)Bu(s) ds G X 



s)Bu(s) ds 


— Mb IMIlp(0, t;U) ) 

X 


(ii) su Pt>0 ||(/ - 5 t ) 1 et\\^ x ,LP(p,t i u)) < °°- 


Under these additional assumptions, our perturbation result reads as follows. 

Proposition 3.4. Let ( A , D(A)) be the generator of a bounded Co-semigroup T = (T(t))t>o 
and assume that (B, C ) is an infinite-time Staffans-Weiss perturbation of A. Then (Abc, D(Abc)) 
generates a bounded Co-semigroup 7 bc — {TBc(t))t >o on the Banach space X. 

Proof. By Theorem 3.1 in [1], the perturbed semigroup (TBc(t))t> o is given by 

(4) T BC (t)x = T(t)x + <B t (I ~ x G X. 


The boundedness of (T^c?(£))*>o follows since (T(£)) t > Q is bounded and 

sup ll'Bfil - 9 r f) _1 e t x|| < M b sup II (7 - II < oo 

t >o t >o p 

by Dehnition 3.3 (i) and (ii). 


□ 


Remark 3.5. (i) Let (A,D(A)) be the generator of a bounded Co-semigroup (T(t)) t >o 

on X. Proposition 3.4 states that £ = C ti f ) (M + ,X) is robust for all infinite-time 
Staffans-Weiss perturbations ( B , C) of A. 

(ii) In Proposition 3.4 we obtain the generator property of Abc without a rescaling of 
the original semigroup (T(£))*>o. Thus, it allows us to investigate the robustness of 
asymptotic properties under Staffans-Weiss perturbations. 


Remark 3.6. Let the Co-semigroup (T(t))t>o be uniformly exponentially stable with a 
compatible triple (A, B , C) such that S, C and (B, C) are p-admissible with 1 G p(3y) for 
some t > 0 and 1 < p < oo. By Remark 2.3 and [1, Lemma 3.3] the condition 

(5) ||T(£) + T>t(I — 3h)~ 1 Ct|| < 1 for some t > 0 

implies that 1 G pifToo) and thus (B, C ) is an infinite-time Staffans-Weiss perturbation of 
A. Then the perturbed Co-semigroup (TBc(t))t> o remains uniformly exponentially stable 
by (4) and [11, V. Prop. 1.7]. 


The following theorem is our main result. 
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Theorem 3.7. Let (T(t))t> o be a bounded Co-semigroup on X with generator ( A,D(A )) 
and let £ be an asymptotic subspace such that 7x G £ for all x G X. If ( B,C ) is an 
infinite-time Staffans-Weiss perturbation of A, then £ is a robust subspace for (B,C). 

In the proof we shall use techniques proposed in [4] and continued in | 8 , 16]. 

Proof. We notice that (/ —3 r t ) _1 C t x G L p (0, t\ U) for all x G X, t > 0, and p as in Definition 
2.4. Further, [t (/ — 3q) -1 C t x(f)] G L P (M + , U) by Definition 3.3 (ii). 

By Formula (4) it suffices to show that [t K > 23 t u\ G £ for all u G L P (R + , U). From the 
assumption on B we obtain that 

B : 27(M + ,U) —> C b (R + ,X), 

u i —y Bm 


is a bounded operator, where (B u)(t) := 23 t M. In fact, the strong continuity of (23 f ) t > 0 
(see [1, Lemma 3.2]) implies the continuity of Mu. The boundedness of Bm follows from 
Definition 3.3 (i), i.e., 

H Bn llc b (R+,x) = S ^P PHI < M b IMI p • 

We show that / := Bu G £ for all u = l| (a b) 0 m, u G U, and 0 < a < b. The left translation 
semigroup on (7 u b(R + , X) is denoted by (S(t)) t >o- For t > 0 we have the identity 


S(b)f(t) = T> t+b u 


rt+b 


T_i(t + b — s)Bu(s) ds 


T_i(t + b — s)Bu ds 


rb—a 


T(t ) / T_i(6 — a — s)Bu ds 


Tity'Bh-a ( l|( 0 ,b-a 


Ml. 


Using the admissibility of B we have ‘B b -a (1| (0 b _ a) ® uj G X. Since 7x G £ for all x G X, 

we obtain S(b)f G £. Thus, Bm G £ since £ is an asymptotic subspace. 

Finally, we obtain Bm G £ for all u G L P (R +1 U ) since the step functions are dense in 
L P (R + , X) and £ is closed. □ 

Remark 3.8. (a) In contrast to the results by Casarino, Piazzera [8] and Maniar [16] we 

do not assume the subspace £ to be operator invariant, i.e., 

/ G £ =*► [t ha Mf(t)] G £ VMg£(4 

(b) If one only wants that an individual orbit 7bc x belongs to £ for some x G X , it 
suffices to assume Tx G £ and 23m x G £, where u x G L P (M + , f/) is given by 

u x\[o,t\ '■= {I ~ 3^t) 1 CrT V T > 0. 


In the next corollary we show that Theorem 3.7 generalizes Theorem 3.5 from [8] on 
Miyadera-Voigt perturbations. 
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Corollary 3.9. Let (T(t))t >o be a bounded Co-semigroup with generator (A,D(A)) and 
uniform bound M. Take C G £(Xi,X) satisfying 

r t 


( 6 ) 


||CT(s)x|| ds < q ||x| 


Jo 

for all x G D(A), some 0 < q < 1, and all t > 0. If £ is an asymptotic subspace with 
Tx G £ for all x G X, then £ is a robust subspace for (Id, C). 


Proof. We show that the assumptions of Theorem 3.7 are satisfied. For arbitrary to > 0 
and / G L 1 ^,^', X) we obtain 


rt o 


T{t 0 - s)f(s) ds 


"t 0 


<M ||/(s)|| ds = M 


i • 


Hence Id is infinite-time 1-admissible, while condition (6) implies the 1-admissibility of C. 
We obtain 


(7) 


rt o 


C / T{t — r)u(r) dr 


dt < q Hull, 


for all t 0 > 0 and u G L 1 (0,t 0 , U). In fact, take A G p(A). For u = l| [a6] <8) x, x G D(A), 
0 < a < b < T, we have 


rto 


C / T(t — r)u(r) dr 


dt = 


rto 


rt 0 


CR(X, A) / Tit — r)(A — A)u(r)dv 


dt 


CT(t — r)u{r) dr 


dt 


rto rt 


< 


<0 Jo 

rto 


1 l[a, i , ] ( r ) ||CT(t-r)x|| dr dt 


rto—r 


1 |[a. 6 ]( r ) 


\\CT{t)x\\ dt dr 


< q ||x|| ifb — a) — q Hul^ . 

The above estimate holds for step functions having values in D(A) by linearity and we 
obtain (7) by the density of such functions in L 1 (0,T, X) for all T > 0. Hence, (Id, C) 
is 1-admissible and 1 G p(3r 0 ) for all t 0 > 0 with sup, 0>0 ||(/ — Tfo)" 1 !! < (1 — q)~ l . For 
x G D{A) we have 


rto 


sup || (7 3^0) 1 e to ^|| < (1 - q) sup / ||CT(s)x|| ds < 


lo>0 


io>0 7o 


i -q 


x 


and (Id, C) is an infinite-time Staffans-Weiss perturbation of A. 


□ 


Before we consider Desch-Schappacher perturbations in Proposition 3.10 and show that 
Theorem 3.7 relates to Section 3 in [16], we first recall the definition of the Favard class of 
a Co-semigroup (T(t)) t >o on X given by 


Fi := <j x G I : sup 

t> o 


-(T(f)x- x) 


<ookl 


equipped with the norm ||x||_p := sup f>0 |||(T(t)x — x)||, see [i ,11. Def. 5.10]. 

We denote the Favard class associated to the extrapolated Co-semigroup (XLi(i))t>o by Fq. 
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Let (T(t )) t >o be a Co-semigroup such that ||T(t)|| < Me ut for some M > 0 and uj > ujq. 
Then there exists a constant m > 0 such that 


( 8 ) 


T_i(t — r)f(r ) dr 


<m I e u{t r) ||/(r)|| Fo dr 


x 


for all / e Lj oc (M. + , F 0 ) and t > 0, see [18, Prop. 3.3]. 

In Proposition 3.10 and Example 3.12 we give some elementary examples of infinite-time 
Staffans-Weiss perturbations. 

Proposition 3.10. Let {T(f)) t >o be a uniformly exponentially stable Co-semigroup with 
generator ( A , D{A)), i.e., ||T(t)|| < Me~ ut for all t > 0 and some u > 0. If B e £(X, F 0 ) 
satisfies m ||i?x|| Fo < u ||x|| for all x G X, then (B, Id) is an infinite-time Staffans-Weiss 
perturbation of A, where the constant m is as in (8) . 

Proof. In [1, Thm. 4.1] the authors show that (B, Id) is a Staffans-Weiss perturbation of A 
and the operator B is infinite-time 1-admissible since the semigroup (T(t))t>o is uniformly 
exponentially stable, see Remark 2.3. It remains to show that 


sup || (I-T t ) l [Tf)x\\\ LHot . x) <oo 


Vx e x. 


For all x G X and n G No we have 


(9) 


||3?[T(.)*](t)||dt< 




UJ 


X 


u 


In fact, for n = 0 we obtain 


f°° M 

||T(t)x|| dt < — ||x| 

1 UJ 


Assume that (9) holds for some n G N. By (8) we have 


H?r +i [T(.) I ](i)||dt = 


r_ 1 (i-r)B5?[T(-)a;](r)dr 


dt 


< m ||1?|| 


= m ||R|| 

m\\B\\ 


3 -w(t-r) llqm 


||??[r(.)x](r)||drdt 


'0 Jo 

roo 


< 


OJ 

m 




e-||^[T(-)x](r)|| 

50 

K[T(.)x](r)||dr 

n+1 


—ujt 


dt dr 


uj ) 


M 

UJ 


x 


Hence, for xGlwe obtain 

neNo 

and the assertion (9) follows. 


IX 


< E ll 3 7l r (')*]|| 1 < — 

l nGNo 


M 


uj — m ||R|| 


x 


□ 
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Remark 3.11. Following the proof in [16, Sect. 3] 1 we obtain 

">{? “ ^ lGt W^X,LHO,f,F 0 )) < °° 

with similar arguments as above. Hence, under the assumptions in [16] the pair ( B , Id) 
need not be an infinite-time Staffans-Weiss perturbation of (H, D(A)) in general. 

Next, we discuss boundary perturbations of translation semigroups, see [12] and [1, Sect. 
4.3], 

Example 3.12. Let (T(t))t> 0 be the left translation Co-semigroup on X = L 1 (M_) gener¬ 
ated by 

Af = /', / G D(A) := {/ G W 1 ’ 1 ^) : /( 0) = 0}. 

We denote by A_i the generator of the extrapolated Co-semigroup on X_ v For 

A G p(A) = {A G C : ReA > 0}, we define the Dirichlet operator corresponding to A and 

(s.^ u (»-)). 

BA=(<5oL r ( A _jL)) _1 : C^L‘(K_) 

c 1 ^ ce x '. 


Let C G C 0 (M_)' satisfy ||C|| < 1. Then ((A — A_i)D x , C ) is an infinite-time Staffans-Weiss 
perturbation of A. 

Proof. We can represent the operator C G Co(M_)' as a Riemann-Sticltjes integral 

Cf = f f(s)dp(s), f G C 0 (M_), 

J R_ 

where p is a regular complex Borel measure on M_ that satisfies |/i| (M„) = ||C|| < 1. Here, 
\p\ is the variation of p. 

We first verify that the triple ( A , (A — A_i)D x , C) is compatible. For c G C we have 

R(A,H_!)(A - H_i)ZRc = ce A ' G C 0 (K_). 

Next, for u G Hq ’ 1 (0 , to), to > 0, we have 


rto 


r»to 


r_!(t 0 - r)(A - A-i)D\u(r) dr = e At ° / e - A(t °- r) T_i(t 0 - r)(A - A.^D^u^r) dr 


= e At ° ^D x e~ xt °u(t 0 ) - J ° e- x{to ~ r) T(t 0 - r)D x [e~ Xr u(7 


rt 0 


= D x u(t 0 )- / T(t 0 - r)D x [u'(r) - An(r)] dr 
Jo 
rt 0 


= e x 'u(t 0 ) + 
rto 


An(r)e A( '' +to ^ dr 


'max{0,-+to} 

n'(r)e A( ' +t °- r) dr 


J max{0,-+to} 

= e Amin{0 ’ +to} i/(rnax{0, • + t 0 }) G L 1 (M_). 


1 The author studies robustness for bounded Co-semigroups. 
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Hence, ||®to M lli 1 (iR_) — IMIi f° r > 0. 

The 1-admissibility of C follows as in [1, Cor. 4.10], i.e., for / £ D(A) we have 


\CT(t)f\ dt = 


~-t 


f(t + s) d/j(s) 


' —oo 
r 0 r-s 


dt 


< 

< 


|/(f+ s)|dtd|/r| (s) 


' —oo J 0 


Finally, using the above computations for u £ H / 0 1,1 (M + ), we obtain 


||3 r oo , w| 


LH R+) 


e Amin{0,-+t} M ( max { 0 , S + t}) dfi(s) 


dt 


u(s + t) d p(s) 


' -t 


r»0 roo 


dt < 


|m(s + t) | dt d \fi\ (s) 


' —OO J —S 


= VA ( R -) ll«|li • 

Thus, 1 £ pi^oo) and the pair ((A — A_i)D\, C ) satisfies all conditions in Definition 3.3. □ 


4. Neutral Semigroup 


As an application of the results in Section 3 we investigate the asymptotic behavior of the 
neutral semigroup (X(£))t>o (see (10) for its generator) associated to the following neutral 
equation. We suppose 

• (A,D(A)) to be the generator of a bounded Co-semigroup (T(t))t>o on a Banach 
space A' with uniform bound M, 

• CP £ £(C([ — 1,0], A), A), 

• F = 5 0 — X for some % £ £(C([ - 1, 0], A), X), 
and investigate the equation 

(NE) = AFxt + t - °> 

with initial data x(0) — y and x 0 (-) = /(•) : [ — 1,0] —> X where we denote by x t : [ — 1,0] —> 
X the history segments given by Xt(s) := x(t + s). For further information, see [9, 13, 19] 
and references therein. 

We introduce z(t) := Fxt : [ — 1, 0] —> X in order to rewrite (NE). We obtain 

[ = Az ( f -) + t> 0, 

\ i x t = Ts x t » *>o. 

I z(t) = Fx t = x(t) — Xx t , t > 0, 


with respective initial conditions, where we used [3, Lemma 3.4], 

In [13, Prop. 21] Hadd and Rhandi treat such equations and show that the system is 
well-posed in a weak sense (i.e., (NE) has unique generalized solutions for any initial value 
(x, f) £ X := X x L 1 (—1, 0; A), see [13, Def. 17]), if 


A ? 


0 -f 

as 


21 : = 

with D( 21) := {(x, /) £ D(A) x W^(-l, 0; A) : x = f( 0) - Xf} 


(10) 
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is the generator of the neutral semigroup (fZ(t))t> o on X, where (^, W l,1 {— 1, 0; X)) denotes 
the first derivative. More generally, we investigate the generator property of (21, 0(21)) with 

D( 21) = {(x, /) G D(A) x 0; X) : Cx = /(0) - Xf} 

for C G £(X) and then the asymptotic properties of the generated neutral semigroup 
(T(£))t>o- We shall return to the neutral equation (with C = a ■ Id) in Remark 4.7. 

Our starting point is the operator 

Ho := (q ^ , 0(2to) := D(A) x {/ € W^-l, 0;X) : /(0) = 0}, 

where O := The operator (2lo, O(2lo)) generates the bounded Co-semigroup 

(S„(t»,>o = ( T < J) 5^)^^ 

with (S'(£))f>o the nilpotent left translation semigroup on L 1 (—1,0; X). Its asymptotic 
properties depend essentially on the semigroup (T(t)) t >o since {S(t)) t >o is nilpotent. 


Let the operator To : X —y L 1 (—1, 0; X) be given by Lqx := 1 • x. We obtain the operator 
21 through a perturbation from 2lo by a pair (03, £) as follows. 

Proposition 4.1. Let 2lo,— i b e the generator of the extrapolated semigroup (T7>,-i(£))t>o 
on the extrapolation space Define the operators 


23 : = 
£ : = 


0 


0 —D^\Lq 
0 7 


: X x X A X 2 ) 0 !, 
c ^ i : 0(<£) C 1 A X x X, 


where O(C) := X x 0; X). Then 21 = (2l 0 _i + 23£) |* 


Proof. The domains D(2l) and D ((21q,-i + 23£)|x) coincide since 


D ((210,-1 + 2SC) | 2 ) := {(x, /) G 0(£) : A_ x x + 7f G X, D^{f - L 0 Cx - L 0 Xf) G T^-l, 0; X)} 
= {(x, /) G 0(A) x W 1,1 (—1, 0; X) : [/ - T 0 Cx - T 0 X/] (0) = 0} 

= {(x, /) G D(A) x W 1,1 (—1, 0; X) : /(0) - Cx - Xf = 0} . 


Take (x, /) G 0(21), then 

(2l 0 ,-i + ®£) Q = ( D(/ _ L ^_l o3C/) ) 

( A_ix + 7f \ 

\if-fs L o(Cx-Xf)J 



lX + 7f 

— f 

ds J 



since the range of the operator To is contained in ker jr. 


□ 


The operator (21, 0(21)) is indeed a generator under suitable assumptions on X and 7. 
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Assumption 4.2. Let // and v : [ — 1,0] —» £(A) be of bounded variation. We assume 
that the operators X, 7 E £(C([ — 1, 0], A), A) are given by the Riemann-Stieltjes integrals 

7f=l /(r)dp(r), 

%g= J g(r)dv(r), f,geC([- 1,0],A), 
and have no mass in 0, i.e., for every e > 0 there exists 5 > 0 such that 

m\\x> \\Xf\\x<e\\f\L 

for every / G C{[ — 1,0], A) satisfying supp / C [ — 5, 0]. 

Remark 4.3. We define the variation \g\ of the measure n : [ — 1, 0] —>■ £(A) to be 



A C [ — 1,0] measurable, 


where the supremum is taken over all partitions Z into hnitely many disjoint, measurable 
subsets of A. Let 7 E £(C([ — 1, 0], A), A) satisfy Assumption 4.2. Then |/r| [ — i, 0] 0. 

Theorem 4.4. Let (2lo, H(2lo)) be as above and assume that 7, % E £(C(—1, 0; A), A) 
satisfy Assumption f.2. Then (21, D{ 21)) is the generator of a Co-semigroup on X for all 
C G L(X). 

Proof. We show that (23, (£) as above is a Staffans-Weiss perturbation of 2lo (see Dehnition 
2.4). The triple (21 q, 23, (£) is compatible since for x, y G A we have 


R( A, 210 ,- 1 )® 


(;) 


R( A, A)x 
0 L 0 y 


0 

\R(\, D)Loy 


G A x LL ’ (—1, 0; A). 


The following relies on computations performed in [1, Cor. 4.10], see Example 3.12 as well. 
For arbitrary t 0 > 0 and u±, u 2 G lL 1 ’ 1 (0,t 0 ; A) we obtain 


f*0 


T 0 ,-i(to-r)®(^)(r)dr 


rto 


T(t 0 — r)ni(r)dr 
[ S-i(t 0 — r)(—D^ 1 L 0 )u 2 (r)dr 


< M 11xti11 x + ||Hi =: M 


U 1 

u 2 


£!(—!,0;XxX) 
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Thus, 23 is infinite-time 1-admissible. Choose to > 0. For all (x, f) G D(% to) we obtain 


rt o 


0 T N 
C X 


Tnfsl 


rto 


ds < 


||^( S )/||ds 


rt o 


rto 


||XS(s)/||ds+ / ||CT(s)x|| ds 


< 


/ 0 


f(r + s) d/i(r' 


'-i 

rl 


ds 


( 11 ) 


+ 

/*0 r—r 


/ 0 


/(r + s) dzv(r) 


'-i 


/•io 


ds+ / ||CT(*)/||ds 


< 


-1 J o 


|/(r + s)| dsd |/i| (r) 

•0 r~r 


1-1 JO 


|/(r + s)| dsd \u\ (r) + t 0 ||(7|| M ||x| 


< 


1 (/ 1 d l /i K r ) + / i d l z/ K r )) + ||C|| M ||x| 
H IMI) ll/lli + *o ||C|| M||x|| , 


where ||/i|| := \fj\ [ — 1,0] (and ||i/|| respectively). Hence, the operator £ is 1-admissible. 
For 0 < to < 1 and wi, n 2 G VF 0 2,1 (0, to; -X") 

'“f 1) dr 

vW) / 


l II (c 5 1 r) ® 


dt 


< 


r*o 


+ 


T / 5_i(t - r)(-D_iL 0 )u 2 (r)dr 


dt 






X S-i(t - r)(-F>_iL 0 )u 2 (r)dr 


dt 


C / T(t — r)wi(r)dr 


dt 


— (IA 4 1 [ — 0] + M [ — A 0 , 0]) ||m 2 ||i + to 11^11 M Huillj, 

see [1, Cor. 4.10] for analogous computations. Hence, the pair (23, £) is 1-admissible 
and 1 G p(3y 0 ) for some £ 0 sufficiently small by Assumption 4.2. Theorem 2.5 yields the 
assertion. □ 


In order to obtain the following robustness result we have to make sure that (23, (£) is an 
infinite-time Staffans-Weiss perturbation of 2l 0 . 

Proposition 4.5. Let (2lo, D(2lo)) be the generator of the bounded Co-semigroup (To(t))t>o- 
Assume that 

(i) [t i— y T(t)x] G £(X) for some asymptotic subspace £(A) C C u h(M. + . X) and allx G X , 

(ii) 7 and X G £(C([ — 1, 0], X), X) satisfy Assumption f.2, 

(Hi) (23, £) satisfies condition (ii) in Definition 3.3. 

Then [t hg T(£)z] G £(£) for all zGl, where £(£) C C u b(R + , X) is defined analogously to 
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Proof. By Theorem 4.4, the pair (23,<£) is a Staffans-Weiss perturbation of 2lo and 23 is 
infinite-time 1-admissible. Since we assume the condition (ii) in Definition 3.3 to hold, 
Theorem 3.7 gives the assertion. □ 


We present a situation in which the conditions of Proposition 4.5 are satisfied. 

Corollary 4.6. Let (2l 0 , D(2l 0 )) be the generator of the Co-semigroup (T 0 (f)) t > 0 , (23, (C) 
as in Proposition f.l. Assume, in addition, that 

(i) [t i —y T{t)x\ G £(X) for some asymptotic subspace L(X) C C u b(M + , X ) and all x G X, 

(ii) 7 = p5_i, X = k5_i with p, k G £(X) satisfying ||p|| + ||fc|| < 1, 

(in) C G £(X) such that f* ||C'T(s)x|| ds < q ||x|| for all x G D(A), t > 0 and some 
0<q<l. 

Then [t ha X(t)z] G £(£) for all z G X. 

Proof. By Proposition 4.5 it remains to show that condition (ii) in Definition 3.3 is satisfied. 
For u G VF 0 2,1 (]R + , X) we have 



7 f S-i(t — r)(— D_iL 0 )u(r)dr 

Jo 


dt < ||p|| 


= INI 


= INI 


5 -1 S-i(t - r)(-D_iL 0 )u(r)dr 


dt 


u{t) — h_i / S{t — r)L 0 u'(r)dr 


dt 


u{t) 


i max{0,£—1} 


u\r) dr 


dt 


= INI / IK*-!)ll dt = INIIMIi 


We show that 1 G ^(Xoo). For u±, u 2 G VFo’ 1 (M + ,X) we obtain 



( 12 ) 


£ f -rj<B 
Jo 


(M r )\ 

\M r )J 


dr 


dt < 


7 / S_i(t - r)(-D_ 1 L 0 )u 2 {r)dr 


dt 


+ 


+ 


X S-i(t - r)(-D_iL 0 )n 2 (r)dr 


dt 


C / T{t — r)ui(r)dr 


dt 


< (INI + INI) J IM* ~ 1)11 dt + q IMIi 

< (INI + INI) IMIi + q IMIi 


where we estimated (12) as in the proof of Corollary 3.9. Hence, INooH < 1. 
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For t > 0, we denote by <£ t the observation map corresponding to 2lo and €. Using 
assumption (iii) and repeating the estimate (11) in Theorem 4.4, we obtain 


sup 
t> o 





< (1 - H^ooll) 

< (1 - H^ooll) 

= (1-M 


1 sup 

t> 0 



0 

c 


y 

% 


% (s) 



ds 


X sup f [ ||CT(s)x|| ds + (||fc|| + ||p||) 

t >0 \J 0 

_1 (q INI + (ll^ll + INI) ll/b -1)||ds^ 
~\q INI + (11*11 + INI) ll/U 


||<5_i5(a)/||ds 


< (1 - ll^ooll)- 1 



for all (x, f ) G D{Aq). 


□ 


Example 4.7. Let (A, D(A)) be the generator of a uniformly exponentially stable Co- 
semigroup (T(t)) t > o with ||T(t)|| < Me““ ( and k, p G £(2f). 

We consider the neutral equation 

— [x(f) — kx(t — 1)] = A[x[t) — kx(t — 1)] + a ■ px(t — 1), t > 0, a > 0. 

with initial data Xq = f and x(0) = y. Generalized wellposedness of the neutral equation 
corresponds to the generator property of the operator matrix 


a = (o a f) 

D(2 1) = {(x, /) G D(A) x 1U 1 ’ 1 (—1, 0; X) : x = /( 0) - kf(-l)} 


defined in (10), see [13]. 
operator matrix 


Using the isomorphism & a 




on X we consider the 


21 

D( a) 


P 4) 

{(x, /) G D(A) x VU 1,1 (—1, 0; X) : ax = /( 0) - kf(-l)} 


given by 21 = 

Choose operators k and p with ||fc|| + ||p|| < 1 and a > 0 such that Ma < u. The 
assumptions in Corollary 4.6 are satisfied (see also Proposition 3.10 for C = ct-Id). Hence, 
(21,12(21)) generates a Co-semigroup (T(t)) t > 0 and the orbits satisfy [t i —y T(f)(x,/)] G 
C 0 (M + , X) for all (x, /) G X since the semigroup is strongly stable. 

Finally, we conclude that (21,12(21)) generates a Co-semigroup (T(t)) t >o having orbits in 
Co(ffi+,X) since 

•i(t) (j) = sy'i(i) ( ^ o 


for all (x, /) G X. 
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